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Unit 3
2D Elements




Type of Element

Elements
‘r - |
| ; '
R = Other
S 853
& _i_é == %@
| <
X>>>Y,Z X,Z>>> ¥ X~y~2
One of the dimension is Two of the dimensions are  All dimensions are Mass - Pt. element,
very large in comparisonto  very large in comparison comparable concentrated mass at C.G.
rest of the two to third one of the component
Element shape - tetra,
Element shape - line. Element shape - quad, trla  penta, hex, pyramid Spring - translational &
rotational stiffness
Additional data from user-  Additional data from user  Additional data from user
remaining two dimensions - remaining dimensionie. - none Damper - damping
i.e.area of ¢/s thickness coefficient
Element type - solid

Element type - rod, bar, Element type — thin sheil, Gap - Gap distance,
beam, pipe, axi-symmetric  plate, membrane, plane Practical applications stiffness, friction
shell etc stress, plane strain, , axi- - Transmission casing,

symmetric solid etc. engine block, crankshaft  Rigid - RBE2, RBE3
Practical applications ete,
- Long shafts, beams, pin  Practical applications Weld
joint, connection elements - Sheet metal parts,
etc plastic components like

instrument panel etc.
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Type of 2D Elements

This chapter considers the two-dimensional finite element. Two-dimensional
(planar) elements are defined by three or more nodes in a two-dimensional plane

ANEANE
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{a) i) i) id)

i€} in igh
2D Elements
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Element ,nrd“ of No.of Terms included Folynomial
Displacement nodes type

Triangle Linear 3 ap+ @;.X + a,y Compleie &
(Fig.5.2 a) Isotropic
Triangle Quadratic 6 ptax+aytac’taoxytay Complete

(Fig.5.2 b) & Isolropic

Triangle Cubic 9 )t dpx + 8y + A+ asxy Fagy + Incomplete,
(Fig.5.2 ¢) 2. X'y + Ay Xy + a X'y’ Isotropic

B+ aX + ay + A’ + asxy + agy’ Incomplete

+ @K'y + gy + agx’ (Not preferred) Non-lsotropic

Triangle * Cubic 10 A+ AX + Ayt At axy+ Ay + Complete,
(Fig.5.2 d) % + 2y X'y + 8, Xy + gy’ Isotropic

Quadrilateral Linear 4 a+ 8aX + By y + ALXY Incomplete,
(Fig.5.2 ¢) Isotropic

a, + a;x + agy + an’ Incomplete,

(Mot preferred) Non-lsotropic

Quadrilateral Quadratic 8 gt apxtaytaxitacxytay + incomplete,
(Fig.5.2 f) a7.x%y + ag XY’ Isotropic

Quadrilateral Cubic 12 ayt @y oLy +agxtt acy tagy' + Incomplete,
(Figs.2g) a0+ gy + aoxy™ any' + a . xly Isotropic

+ @Ky
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Aspect Ration in 2D element

N N\

Angle at A < 45"
. b
4 wh=>35
a ab<35
Angle at A < 60
Shapes of elements, not preferred Preferred shapes of elements
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Case study & Practical Assignment

of Triangular and Quadrilateral elements:

will carry out plate with circular hole exercise to compare performance of different elements

1000

- —
= 50

1000 / ”W
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-

10 mm thick

fax. stress = 3 N/mm?
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Exact Answer:3 N/mm?

Type of Element Stress Displacement function

N/mm

Sapie
e )
L A "."?h'.“. /” Ar :
)

Boundary condition plot for Tria 3 mode|
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12 elements 64 elements

No. elements on hole Stress, N/mmy? i Displacement i Elements
4 1234 0.0048 136 114
6 1.77 0.0048 277 254
8 220 0.0048 369 345
12 265 0.0048 428 402
16 278 0.0048 493 465
32 292 0.0048 1161 1125
84 3.02 0.0048 2530 2478
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Introduction of stress tensor

i
| (o xx Txy Txz !
: /—"sz ”

+ 7 face : Tay Tax

| Tyx Oyy Ty
TYZ I: TKTJ_""GE \ r:x r:.‘, a:: )
I' -------------------- — X
- c + X face

Normal stresses on the diagonal
P Shear stresses off diagaonal

. Car™ Vo T ™ oo ™ T

The normal and shear stresses on a stress element in 3D can be
assembled into a 3x3 matrix known as the stress tensor.
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o, =—=|lo, — 0o
-JEI‘ !

Distortion Energy Theory or Von-Misses Theory - Ductile Material

Equivalent stress is

R +(o, —0,F +(o, —a,F +6(% +72 +72)|"

For 2D and 3D problem
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Hooke's Law for 3D stress

Hooke's Law can also be applied to material undergoing three dimensional stress (triaxial loading).
The development of 3D equations is similar to 1D, sum the total normal strain in one direction due

to loads in all three directions. For the x-direction, this gives,

Ex total = Ex due to ox T Ex due to oy T Ex due to Gz
= oy IE -vo,/E -voL/E

E_:{ — [ﬂ_:{ - ‘I'rﬁlfl'l - ".rﬂ'llll]'u'r E
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Similarly, the other directions can also be determined. The final equations are summarized in the table

below.
3D Hooke's Law (Stress-Strain Relationship)
Compliance Format Stiffness Format
E}{=é Ij}[—‘l-'[lj-h,-+le:| Oy = E _II’I—‘I.']IE}[+‘I.'|:E.5,+EE]|_
- = (T+v)1=2v)" =
E-!l,-=l_lj -v(o +Ij:]_ _ = [ (1 ]
ELY S Ijﬁ’f_(’|+‘l.']||:’|—2‘l.']-( Vg viey + o)
Ez=% 'jz_”['j}i+'j!.f:| Oy = = _(’l—‘l.']lsz+‘n.'(e]{+aﬁ,]|_
) B (T+w)(T—2v]k -
THF=%; ':-H_,E=%i Vi =% Ty = OVt Tyz = O¥yz Tz =07y
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Matrix form stain

and stress

The shear modulus is related to Young modulus and
Foisson's ratio,

G=E/2(1+v)

1
-

1=

E

(1+ )(1-25)

e
1

;.r

(1-2)

o T e S e B ¥

— A El
- 0
1 0
0 201+
0 0
0 0
Pl >
(1= o
> (1-5)
0 0
0 0
0 0

o T s T

2(1+ #)
0

0

0

0
(1-25)12

0

0

_a o o o

201+ 5)

= o o

0
(1-2272
0

= o o o

0

(1=22)/2
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Two dimensional stress-strain relationships are summarized in the table below.

2D Hooke's Law (Stress-Strain Relationship)

Compliance Format

Stiffness Format

1
gy = E[U}{ —wj”

1
By = E[Uv - voy |
':.r=é= é[?lﬂ +‘|.']|1:]

U}{:(E}{”Eﬁ'
(1-v4)
Uy_[aﬁ,w.'e}{jE
(1-v%)
CGyo Y
t= Y=gy

or in matnx form

Ey WE -wiE 0O ||oy
=|-»/E 1/E O [{0y
0 0 1G] ¢

Ey
y

or in matnx form

o Ef1-v?) vEf-D)
oy b= [eEMI-v%) Edl -0
. 0 0

O
I
(5
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Basic Concepts of Plane Stress and Plane Strain
Plane Stress

Plane stress is defined to be a state of stress in which the normal stress and the
shear stresses directed perpendicular to the plane are assumed to be zero

Ay A v
V: -1 Té’:‘a?: A\_ r
| =t "'_l i\-.-.-.—-
2 | — ami
ﬁ | 1T L o T = 1
A | ———
iy T pea—
/D s e g
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* Generally, members that are thin (those with a small z dimension compared to
the in-plane x and y dimensions) and whose loads act only in the x-y plane can
be considered to be under plane stress.

 The plates in the x-y plane shown subjected to surface tractions T (pressure
acting on the surface edge or face of a member in units of force/area) in
the plane are under a state of plane stress; that is, the normal stress 6z and
the shear stresses t™xz and tyz are assumed to be zero.

O: =Tx: =Tp: =10

{o} = [Dl{e}
[ 2 2 ] [
o EI(“I—HEJ HEI(“I—HEJ 0] (s, 1 v 0
gy = [PEM-27) EMI-27) Dss [D]=l Eﬁ v 1 0
0 0 (5 ' _
T ¥ 0 0 1? V
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 Plane Strain
Plane strain is defined to be a state of strain in which the strain normal to the
X-y plane €z and the shear strains yxz and y yz are assumed to be zero

L by

N
.

2

Dam subjected to horizontal loading;
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The assumptions of plane strain are realistic for long bodies (say, in the z
direction) with constant cross-sectional area subjected to loads that act only in
the x and/or y directions and do not vary in the z direction.

B2 =Yy =7p- =0
g| [1/E -viE O ||oy Iy v 0
g3 = |-¥/E VE O [Lay [D]=(1+p}f1—zv} T
y 0 0 1G], 0O o 1—221'
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—

* Axisymmetric element

When the geometry, boundary condition, load and material properties are
identical with respective the axis of symmetry of three dimensional element

can be converted into two dimensional axisymmetric problem

E

(1+v)(1-2v)

/’

(%00 or {o}=[ple

v 0 'Er
v g €4
l—-v
0 I-2v &2
2 Yo )

~—
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Derivation of the Constant-Strain Triangular Element Stiffness Matrix
and Equations

To illustrate the steps and introduce the basic equations necessary for the

plane triangular element, consider the thin plate subjected to tensile surface
traction loads TS in Figure

¥, rf v

T Ty m
- -
- —_—
- - i J
- -
ol =

M

L -
Thin plate in tension Discretized plate of using triangular elements
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* The discretized plate has been divided into triangular elements, each with
nodes such as i; j, and m.

* Each node has two degrees of freedom—an x and a y displacement. We wiill

let ui and vi represent the node i displacement components in the x and y
directions, respectively. (i)

Ee’ i
H.
gm !

the general displacement function

f ¥ N

u(x,y) = ay + asx + asy

v(x,¥) = ag + asx + agy

iy

i

-1 (W) = ay +axx+ay| I x y 0 0 0 (3
- 4 + asX + agy o0 01 x v ‘ (4

s

Lﬂ'E"J
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* To obtain the a’s in Eqs. 1 we begin by substituting the coordinates of the
nodal points into Eqs. 1 to yield

wj = u(x;, yi) = ay + arx; + asy;

u; = u(xy, yj) = a1 + arxj + azy;
Upy = U(Xpy, Vi) = A} + Q23X + A3V
v = v(x;,¥i) = aq + asx; + agy;

1 lm v; = v(x;, ¥;) = ag + asx; + ag);

Uy = 1-'{-"(":,,]"'.-"} = d4 + A5Xm + d6Vm

We can solve for the a’s beginning with the first three

3 expressed in matrix form as
x, v
U; I x oy (]
e
wooe=11 x5 ylqa
U I Xm Vm i3

{a} = [ {u}
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i|'H

X, ) '.ul} "
3 [

The method of cofactors is one possible method for finding the

inverse of [x] . Thus

oy

a1,
[x] =24 |
Ji

iy 1 of; I),
s =571 {f;- B
as Vi ¥

Uy

We can solve for the a’s last three expression

(y I i Ok
fds ¢ = 4 i ﬁj
dg Vi 7

it

ﬁl‘]‘r

:':.FH

Ui
b

5
L I
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vV

We will derive the general x displacement function u(x, y) of {i/} (v will follow
analogously) in terms of the coordinate variables x and y, known coordinate variables

Lj, Ojy + s ¥y a0 unknown nodal displacements w;, u;, and wu,

ay
fub=[1 x y|{ a
s

U 1 i o Uj
lub =570 x B B Puqy
24

Jio Vi Tm Uy

1
ulx,y) = 5 Al + Bix s + (o + B + 3wty + (o + B + V)it }
1
v(x,¥) = Ao + Bix + yp)vi + (o + Byx + 39)0; + (on + BpX + 7,00 )0}
1
- N; = E{I: + Bix + 7:p)
1
Nj =570+ Bjx + 1)
1

Ny = ﬂ{xm + ngx + }me}
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L

L2 L]

U

0 N 0 Nu 017])y

(X, Vi)
me ¥m ‘. U

.ﬂﬁ\‘r{
= [ 0 N 0O N 0 Nul)u
il vi) Hyy
| Um |
1 u_.'
_HI;'- _1'1'} -
N, 0O NN 0 N, 0
[.n!"i'r] — ' ) T T
x l} i‘\',' 'D -"‘ll"_,r' '[I Jﬁh'm i
Define the Strain/Displacement and Stress/Strain Relationships
N cu d
([ —=u = —— (N, + fﬁ‘{.l’“j + Nty )
ox oxX X
Ex ap Dsa I Jacobian matrix use to
eb=qo 0={ 7 | - ﬂ[ﬁ;‘“i + B+ B ) transfer local
X ou N o X | displacement to global
L dy | ox ov e g Ly displacement
dy  ox E = ﬂ("lih + ;0 + Vyps V) P
cu o I

+—= 1 (y;16i + PBivi + Vit + Bivj + Vmttm + Prylm)
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B0 B 0 B, 0
{E} =—10 Yi 0 :"j' 0 Ym | 4 _ F

Trr;' ﬁ.l :"j rﬁ; :"m ﬁm
U

d L U )
{F} = [Eﬂ Ej ﬁ!::]{ I—fﬂ' }

d!::
I'?_-.. E.'\:
-ﬂr}- - [D] &y
Txy Py

{o} = [D][Bl{d}

Using the principle of minimum potential energy, we can generate the equations for a typical constant-
strain triangular element. Keep in mind that for the basic plane stress element, the total potential energy
is now a function of the nodal displacements,

My, = U+ ﬂj, T ﬂ!’ + ﬂ_.,,
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. T strain ener
U= Ej”{a} {a}dV gy

)
@, =— [ [y ey av

Q, = —{d}" {P} concentrated loads

Q, = —”{%}T{ Ts}dS

A

distributed loads

) [ |
.fl y kn ki ... ke ) [kﬁ
fo. ka1 ko ... kg 1 i

P Y. ]
f 2y 12 [k”
/ 31 | ket kex ... kes | | '3 [Kiom

! .f},r y . U3 4
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Local & Natural Co-ordinates For CST Element

Y Vs
Uz
g, yg)
o X
(a) Local Coordinate System (b) Natural Coordinate System
Shape Functions Natural Coordinates 1 hree shape functions of any point ‘P’ within element :
Node L
N; g n Ny =§
1 0 0 l 0 N, = q
[N
3 0 1 0 0
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Examples on CST

In a triangular element, the nodes 1, 2, and 3 have Cartesian coordinates : (30, 40), (140,70), and (80,140) respectively. The displacements,

inm,:nodul.2,nd3le:(0.1,0.5),(0.6,0.5)“(0.4,0.3)mpeaivdy.1hepoiml’whhhﬂndmhmmm
(77, 96). For point P, determine : (i) the natural coordinates; (ii) the shape functions; and (i) the displacements.

Ix,y,) =1(30,40) ; Ax,Yy,) = 2(140,70)

: 3y, yy) = 3(80,140);
U,V) = (01,05 U, V,) = (0.6,0.5) ‘ Uy Vy) = (0.4,03);

P(x,y) = P(77,96).
1. Natural Coordinates ?

Mr. S. D. Patil, Automobile Department, Government College of Engineering and Research Avasari
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x = N;x;+NyX;+N323

y - N,y + N2 Y2+ Na Y3

x = Ex;+nx+(1-5-M%X

y = Ey, +ny,+(1-§-1)Y3

K - (x,--x,)g-t-(xz-x:,)ﬂ-+-x3

y = 0n-¥)E+02-Y)n+Ys
(30 — 80) & + (140 — 80) n + 80

3
I

(40 — 140) & + (70 — 140) ) + 140
. —50E+60n = -3
~100E-70m = -44

-3
I

~50E+60m = -3
S0E+35n = 22
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95n = 19 s - mw T

0.2

=
[

S50E+35x02 = 22
§ = 03

E = 03 and n =02

2. Shape functions :
N, = £=03
N, = n=02
N, = 1-§-=1-03-02=05

N, =03, N;=02 and Ny=05
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B m'm‘c‘"'"'t’"'I‘tﬂﬂtliz

.- Nl UI+N1U1+N3U3' 03

or u = 035mm

x0.1 *0.2x0.6+05xo.4

= N VN, V4N, V; =03 % 05402 %05+ 05 53

or v =04mm

U =03mm ad v=04mm
W
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Point 1 (x,,y,) = (1,1)
N, = 0.15
Shape functions :

; Po‘mz(xziyz) L (‘:2); M3(x)vyo . (3,5):

- N, = 0.25.
)
G |
3¢ e _\‘ '
2 . 2(42)
a9
= >
1 2 3 4
Fig. P.3.7.2

N, = 1-N,=N,=1-0.15-025=06
N, = 015, N,= 025 and N,=06
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2. Cartesian coordinates of point P :

X = N+ Ny +Nyxg =005 % 14025 x4+06 %3
or x =295
and Y = Ny, #Nyy, #Nyyy = 005 % 1 +0.25 %2406 x 3
or y = 365

P(x,y) = P(2.95 3.65)

Mr. S. D. Patil, Automobile Department, Government College of Engineering and Research Avasari
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- * 2 r
The temperatures, in degree Celsius, at nodes 1, 2 and 3 are : lm.zm“mmw.mmdm-uuofpm

are given below :

Node | 0 0
Node 2 10 0
Node 3 5 8
e |
Point P 5 6
Estimate the shape functions and temperature for point P.
Solution : .
Given : t, = 100°C : , = 200°C : g = 300°C ;
(xpy) = (0,0 ; (x,y,) = (10,0) ; (o yy) = (5.98);
P(x,y) = (56)
1. Natural coordinates : ;
[ ]

3(5.8)

100 2(100)
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x = N, x,+N;x, +N, x,
and y = Ny, +Noy:*NoYs
L ox = Ex,+nx+(1-5-1)%
iad. y ™ Ey,+ny,+(1-§-1Y
. ox = (XmX)EF R -XINT
and y = i-yEH0-YINTY
. 5= (0_5)g+(10-5)'1*5
and 6 = (o__g)g‘n»(O—S)"!“’8
. =5%+50 ® 0
and -8§-8n ~ 8
~g+n =0

o 1
and E+m * 3
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i
or £ = 0.125
E =0125 and n=0125
2. Shape functions :
N, = £=0.125

N, = n=0.125
N, = 1-§-n=1-0.125-0.125=0.75

N; = 0.125, N,=0.125 and N;=0.78

3. Temperature at pointP :
1 = Nt +N, L, +Ny iy

N
= 0.125 x 100 + 0.125 x 200 + 0.75 x 300

or t = 262.5°C

Mr. S. D. Patil, Automobile Department, Government College of Engineering and Research Avasari
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2D analysis using CST elements

' subjected
ta of o qusm:ﬂmxlzasm
o e o — 3.7.11(a).The modulus

ta inplaze load of $500N, as shown in Fig P. ‘ " :
of elssticiry 2d Poisson's rado for -plate material arc 200 X

N mm’ and 025 respectively. Model the platz with two CST
elements and determine : 3

(it the global suffness matrix ;

{d) the nodal displacements;

(iii) the reaction forces at the supports; and

(iv) the stresses in each element.

Solution :

Given : a = 75mm : b =50mm

P, = 400N - ; E =200x10'Nmm’

1. Discretization:

I_.-—I - — =
l".{;uﬂ
P i
it 80 fran
Eit _f:'..-' : wn - . r

L

lar————— ?ﬂ‘mm —
Fig, 1", 3.7.11(u)

t = 12.5mm ;

v =025

P,= 4500 N
a

or

IVIT. O. V. FdLll, AULUITIVUVIIE DEpdILTienL, guvelliniernt coliege Ul Chglneerning diiu nesedilil Avdsdl |
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*  The element connectivity table for th-_: assembly is given in Table P, 3.7.1 1(a).

Table P, 3.7.11(): Element Con nectivity

SN e

-Element ;[ 7.7

s
g
=

- :::.-_--.._-_5“':1_ S R
Global er *u’ of

" Mg e Toas
¥ ¥ .l
e M, :
I ":“.{:‘-'u el

Lo ey "

e

Nimber @ [ s |
SRR e Sl SRR N i
ocnr i s Local Node 1| Lo

3
(&)

¥

'@J 1’ ; | -
_ | 2 3

® | |
1 3 4

" The total dof. = - -

of sssembly, N=D.o F Pernods Number of nodes in assembly =2 x 4= 8N
¢ The dimension of the giobal stiffiress matriy [kl =(8x 8
*  Thedimension of the global load vector (M} =(8 x 1)

il

The dimznsion of the Elobal nodal displacement vector, fu,} = (8 xLI]
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el i i |
Ths emm;hmmmamx for planes smﬁﬂﬂ'ﬁﬁon' ' *w
IS given by,

= 1 v 0
Pr=as5( v 1 o — B s
- e 025
0 0 (-yp - (2sy] 0 1 p
0 "D-ES
1 0.25 0 ‘
er [D] = 1.0667 E| o025 1 0
1] i+

0.3
Element 1 ; ?5'

Tre coordi .
- njrmﬁnflnc&]nndeanfelmtlmgiminTahreP 37.11).

Table P. 3.7.11(b): Coordinates of Nodes of Element 1

'“' _,-..-'T E:;;:, far -'FE. p:l-"\_.:f- r.; (!
r -q'_ﬂ -h'---':'ﬂ Ii-—-ll.:-qI -1:-1- "h't'l"l
: "f‘.;‘-""“ 3

‘I-"'-"'_
, a::-‘w'-* *"‘

1 H|.'ﬂ 'J"u'ﬂ
2 =2 ¥2=0
3 Xy=a -"II3=b
) ¥ {Kl—xg} {?2_:"'3}
-8 {0-b) l I ’
(a—a) (0-b)
- ¢ [ = ah
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i . 14y = au

i strain-nodal displacement matrix (element 2) :

e element strain-nodal displacement matrix is given by,
_ T ¥s 0 — ¥ 0 Yp - D
[H']I = |—}r—i 0 =Xy 0 0 —4g
L =X Yo ¥y Yo ¥z Yu
" (3 Ys) -0y 0 -y O
_JI—I- 0 -(u-x) 0 (-%) 0 —(x-x)
|~ (= 23) (va—¥y) (X =%) — (=) -(x —xp) (¥, -¥p)

[u n 0 =(@0-b) o (G-0) 0
_I,[ -(a-2 0 (0-8) O -(0-a)
= b

(a-2) (0-b) (0=2) -(0-b} —{0-2a) (0-0)

_p 0 b 0 O O
J. o 0 0-a D
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'.=ﬁ__=ﬂ=——_-_—_-_ e — - —— e ~h 1] "-'
o 0 ~-b
i w
T 1 b b
[Bl, = @b 0 -
1) a
_ p o 0~
#  Flement stiffaess matrix (elenent 1) : "
A = %.[Magnimde of | TD= "3
The element stiffhess matrix is piven by,
=
[, = ta[B] [D] i8],
- -b 0 0 -
i) S
b » g b - 1 0.25 [ i " =h
i 1 -3
L P D -& b ® LOEET EL 0.25 1 [ J * 36
- B el 00 0375 L S
- a b .
™ -b  -02% g -
0 0 - 0,375k .
L 0S3331F b 0256  ~0375a v 0 0 0 0
L -025a -a 0.375b x 0 0 0 -a 0 a
0 i) 0.375a ¢ -b -a b a
L 625 i a4 o
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o fkg] = 0.5333¢(E

4, Element2:

‘The coordinates of local nodes of element 2

1

v
0
-b®
0
— {125 ab

b

L]
0.375h°

3
- i*
0.375 ab

4 o2
0.25 ab

-0375 b}

0.375ab (b*+03752%) —0.625ab
0253b —0375p°

- 0375 ab
0

~0.625ab (' +0375b%) 0375 ab

~0.375 4%

0.25 ah

0.375 ab

8. .— -6
0  -0253p—
-0375ab 0
-03752° 025
= 2
0375a°
0 20

are giv.en in Table P. 3.7.1) (c).

Table p, 3.7.11(c): Coordinates of Nodes of Element 2

Local ;‘fode Coardinates
x )
l " = 0 ).l ” O
: i 5= b
3 X5 el
Xn - Xyl ~ ¥
’ J ’2 (\v_ \I} 0‘ l)
Ny ¥

v U oda WO e

N/mm
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LL] |

] Lmr |t'|'| -1 _.__\__‘-h_‘-u_\.-
| Eib — T3 Y Il

bR
oty | 7] L T R,
1
ar ."III ik 1 I| —

Element strain-nodal displacement matrix (element 2) ;

he element simin-nodal displacement matrix is given by,
Fys 0 =Yoo 0 ¥ 0 7
Bk = l-jl_h.L 0 -% 0 % 0 -m
—Xy ¥ Xp “Yu i Yo
M=y 0 ==y 0 (n-w) 0 7
= '”%E‘L 0 =(x-%) 0 {3y = %5} 0 =(n=x)
= (=%} (a—=¥y) (K =x9) — (=¥~ (e =%} Qy~¥a) J
- (b-b) -0 —(@-® 0 - (@-b 0 7
= = 0 ~(e-0) 0 (®-0p 0 u_:;r:-:.:.J
[ -(a—0) {(b-bt) (0-0) ={0-b) -(C~zr) (0-Db)

- 0 0 b -_—‘:l_l:ll
{ f

[H']1=a;h' 0 -z O
|_—a a0 90

a —b J
0 B =a
1 a 0
T 1 b 0 O
Bl, = b 6 0 b
-k D a
0 a2 -b-—
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Element stiffocss matrix (element 2)

: i
Ay = 3 (Magnitude of | J |} = 5

The element stiffness matrix is given by,

K, = th, ], DB

— 0 ) -a .
& i - 1 g5 O l|’0t]L'EI—h|:]
" 0 — | D=3 0 0 0 2
ab 1 b 0 O | q0ss7E| 0I5 * &b J
=thxah 0 0 B |__'El g 0375 L—-a 0 0 % a -b
=B ] a
. o a -b— ..
0 0375 -
;0 , 0 6 0 b 0-b O
—0.25a o 0 r g-a 0 0 0 a
0.5333tE b o 03T _a 0 0 b a=b
ah = I] [,.I.-J;'l:: 0.3".!5“
_h L L R
| o252 B Dz
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{&ls=

SI3HE

ab

B 0078’
B
&
N -
~ 0378
p375ah

Global stiffness matrix :

L3

L1
I.’
- 025ab
0
p25ab

3
— &

i ~ 0375k
- D25ab 0
y B
0 p3750"
-

02sab 03750

~aa75e’
.25ab
B

0.375ah

= 0.625ah

K] = K+ kL

The glokal stiffaess maix is obtzined by asse mbling element stiffness m

i are placed in spproprate losations in the global stiffness matrix,

0.375al
]
- 0
6.25ab
- BATSH

ga75ab  (b° +0375 1’} —u.az;ah |
(a + 837567

0 (e +0.3756")  0.375ab

i 2 3 4 2 g
(B' < 0.37%27) 0 -b 0.25ab 0 - 1.625gh
0 (£ +03756) 0375k  -03756° -~ 0.625sb 0
- b 037525 (' +0375%Y -0.62%b -037%° 025
025 -0575° 0625 (a'+0.3750")  0375ab -a
9 -0.415h 03758 0375ab  (b'+0.375%) 0
- 06252h ) 0.25zb S
-03758° 0,25k 0 i 5
0.3753b - i 0 025ab ~0.375%°

O =1 P oLm B em

0375ab (6" +03758")

atrices [K], and [K], such that the elements of each 5 I

Yoo
0.375ab 1
. 5
0 3
0 s
0.25ab 5
0375 |8
~0.625sb |7
8

~0.6253b (@’ +0375%°)
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1 2 3 4 5 5 ;i 8
245833 0 -133333 500 0 1250 -1125 750 |1
0 S0 750 -S500 1250 @ SO0 3000 |7
-1333.33 750 245833 -1250 _1125 =00 0 0 3
(Kl "ﬁ%ﬁ 500 -spg '
- -1250 3500 750 3000 O 0 4 N/mm ...(m}

O -1250 -125 s 245833 0 -133333 s 5
~1250 500 -3000 © 3500 750 g |,
~1128 559 0 0 —1333.33 T30 245833 _ o4, -
B 3000 g . 500 500 -1250 354y |
e ———
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Modal displacemsnts : h
o o ppomi. Henee,
A A e ere G A A A rode 2 there is roller suppom
" F =
U:I:u; 'l,l'r-l l]; v:=ﬂ} U_' = {} gnid ‘rq 0
D.0.Fa,1,2,4, 7, and § ane fixed, Hence, wing elimration guoreash, sk second, Sourth, seventh. o ofghth oS ang bl
i [l i “r"
be eliminated orm Equation (p). Thereiore, Equalion {PH;"EEE'IE’L iy
245833 ~1i25 500 ] f U] 0
666.667( 1125 245833 0 J Gt =1 @
L soo o 3s00] [v,) —&50
(245833 -1125 500 ) [ ) - 0
1. ~1125 245833 ¢ Uyp =9 @
00 0 3500 VJ —6.73
= 1125 '
Adding 2458 33 2 vow Il to row |,
T1M35 0 s,
~1125 245833 0 U # o
50 0 35004 Ly, ~6.75
1125
Addjngmxmw]f b pow 1,
1943, T
" 45 0 sm U,
0 245833 28043 |4 U, b =
L 560 i} EH
- 3500 v, - 6.75
Burhrs o
|era_-:hng———1 9435 * row I to row mr,
1943 %
!' i S00 U, )
|_ 0 245833 2m943 |dy b, 0
0 0 337 :
JE&J 1|I‘.3 - ﬁ.?j

B .. 4
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—-——— g "VSJ k—ba-?SJ
-

. 500
Subtracting 19435 X row I to row mor,

19435 9 g9 U, 0
0 243833 2943 [dubtod
0 mnsesl |y,

From above matriy Equatian (s),

19435 U, + 500 Vy =9
245833 U, + 289.43 v,
337'-3'66 VJ = 6.‘}5
From Equation {v),

VJ = ~2002x 10—)mm

Substituting Equaticn ¢ ;. Equations (1) ang (),
We gey,

m U= 8
Reac‘ﬂon forces at SUppons . 3 =0.2357 % 1p Y i

U, = O.SIleo"m
and V3 = ~2.002% 107

From Bquation ®),
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Thank You
For Your Attention
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